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Answer ALL questions. Write your answers in the spaces provided.
1. The roots of the equation
= 8x?+28x—32=0

are a, f and y

Without solving the equation, find the value of

L

a By
(i) (a +2)(B + 2)(y + 2)
(i) o> + p* + 2
+ oy + &P
) ™ +J|§- ! J)7 : pyup;/’

n3-8m?+28n-32=0

a =
b=-8 R+BtY: 8 — @
:: 2:2 :B-’t Dly.:py:j- z TS =2y — (2
. - '3}/7.-5":_7_ t 32 — (3
I L _ A8 ~@

i) ()+2) (B12) (y+2) =(&xB+4 + 20042B) (y +2)
=(apy + Yy + 20y + 2gy * 24B 4 844 0+4pB)
= dpy+y (atpry) +2(dy tyBtap) +8
=32 +418)42(28)+8
= 128

«

i) 8t prey? (oug-p-y)’- 2(0B +ay + BY)
g%~ 2(28)

3

o

(1}
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Question 1 continued
(Total for Question 1 is 8 marks)
J

A
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2. The plane /1, has vector equation
r.3i—4j+2k)=5

(a) Find the perpendicular distance from the point (6, 2, 12) to the plane /7,

The plane /7, has vector equation
r=A2i+j+5k)+ uli—j— 2Kk)
where 4 and u are scalar parameters.

(b) Show that the vector —i — 3j + K is perpendicular to /7,

(c) Show that the acute angle between 17, and /7 is 52° to the nearest degree.
lam,+by,+Cc2,+d]|

a) perpendicular distance ¢

a2+b4c?
= 3(6)-y4(2)+2012)+(-5)

J3tyura2?

e

2 1
b) ( ;) and (:'2) are both vectors l5in9 on Tl»

(.’(}).(Z)g—z-s-ts P
(

1) = -1+3-2

[}
Q

"

7
So the given vector must be perpendicular to Tl 2.

¢) using normals:

3 -1
(‘4)-(~3):-3+)247_:|]
2 l

I('i‘_’) ] =J3’4(-'-|)‘+ 2% < a9
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Question 2 continued

)
S0 Co$P = —

29 %)

=./319
29

J319
6= arccos 29

= 521°

(Total for Question 2 is 8 marks)
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3. (1)
2 a 4
M=|1 -1 -1
-1 2 -1

where a is a constant.

(a) For which values of a does the matrix M have an inverse?

Given that M is non-singular,

(b) find M in terms of a

(i1) Prove by induction that for all positive integers n,

0 1) -l )

a) 1§ det M0 then M won’i have an inverse

V- -
IR R
= -1 2

2 (142) -a (-1-1) + 4(2-1) =0

a4 -
detM: 2’ ! | a
2 -1

6 + 2o t 4 =0
20 = -10
a=-5

s0 M will have an jnverse when a#-5

-1 -1 1= 1=
b) matrix of minors:( Ia _" <l < < 2}
la y ] '-II 2 a
2 -1 = -1 2
a 4 2 ’-ll 2 a
|~| ~|’ LS | 1=
3 -2 !
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Question 3 continued
changing signs : 3 2 1
at8 2 -a-Yy
y-a 6 -2-a

w

trans pose : a+d i-a

3 a+tl y-a
|
- . 2 2 6
M7 = 2a¢t10 ( | )

' 3 6\ 3 ¢
n) nel ( 6 " S (3(3-1) 1

~
»
(2]

A (] ‘fY s
True tfo nl//

assume true for n:zk
ie (3 o)" 3% o
6 | (3(3"4) 1)
consider n=k+l,
3 0\ K 3 o\k/3 ©
( 6 1 ) " ( 6 | ) ( ¢ | )

=(3“ 0 3 0
3(3%1) .)( 6 l) 3%( -1)*6:9(3%)-946

gkt c = q(3")-3
-(31l3"—l)+6 l) =3 (8x3%-1)

=3(3%'-1)
hence =% 3*'! 0
3(3“'-!) ! < true for nzlkt|

S0 given relationship iS frue for n=l and n=n+l when assumed true for nck
:. by moathematical induciion true for at n € 2 +

(Total for Question 3 is 12 marks)
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4. A complex number z has modulus 1 and argument 6.

(a) Show that

1
z" + — = 2cosnb, neltzt
z

(b) Hence, show that
1
cos*f = g(cos 40 + 4cos26 + 3)

n
a) 2" =(Co8O+  sin 8) = CoSNO +isinn®

L (cos® +isin O)™" =cosnO - isin nO
"4 3w - Cos NO + CoS NG + iSin NO - 18in n0
= 2cosnb
<L < 2 4 3 _’_ 4
2% s 4(2)}(F) + ez} (T) 0 a1z (%) H(F)

(2% +5u )+ H(z‘*dz‘z) +6

"

2coS40 + Yx2¢0S20 ¢+ 6
2co$40 + 8 coS 20 +6

o

o

hence (2c0s0) " = 2c0340 + 8cos 20 + 6

16cos"© = 2co$840 4 8 cos 20 t6
€0s"0 = 5= (2cos4O + 8C0320+6)

"8’ (cottO + Ycos26 +3)
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Question 4 continued
(Total for Question 4 is 7 marks)
J

A
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y = sinx sinhx

4

d’y
(a) Show that P —4y

(b) Hence find the first three non-zero terms of the Maclaurin series for y, giving each
coefficient in its simplest form.

(c) Find an expression for the nth non-zero term of the Maclaurin series for y.
m) Y= sinn sinh n

PRODWCT RWULE

3'= cosn Sinhn + Sinncoshy

5": -Sinnginh® t cosn coshn + sinu Sinhn tcosncoshn
= 2¢€08h CoShn

3"’: -2 ginmcoshn + 2¢6Sn Sinhn

"o -2 coSNCOShN - 2SN Sinhn - 2 Sinm Sinhn + 2co8S ™ coshn

“4simnsinhn

w

ol

-).IS

b) let fim) =y,
then F"(m) <0 when n¥2+4d where 47,0 , d €2

f'(0) =0 '\ 52
f2(0) =2, only terms involving "d—f',
£2¢0) =0 > will be non-7ero
f¥(a) =0
S
f (o) =0 J so for first 3 non- zero terms...
6 - - 1 _
For0) = -uy™ =-g dy -2
"y duwz /| mn=0
f"(0)= d*y
dn" ) = -8
7n=0 dué [z
e d'o
——?—o) = -4 (- 8) = 32
dn'® ) . p
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Question 5 continued

hence y & Ml () *._*Zf (-3) *llo: (32)

2!
6 10
iy T _ " . n
J=n 90 113400

c) Iooking at the powers from the answer to (b) and some earlier working,

2 ... 6 ... 10
the ‘powers form an arithmetic series with a=2 and d=¥

so the n*™ non-zero term will include an % term 1o the power of (2% (n)¥Y)

= Yn-2
nel
and notice ThaT( d"y - - 4y )
d‘u" )-n.—,o d‘n"" =0
the values of (d"j) form @ seomeﬂic series
dn™ J n=o0
y S ~3 ... 382
a ay ar ?
2% (-4)° 2v(-4)" 2x(-4)*?

(ath term = ar ")

1his leads us to the nth non-zero term bu'n3
yn-~2

n-l n
2w X (4n-2)' -

(Total for Question 5 is 10 marks)
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6. (a) (i) Show on an Argand diagram the locus of points given by the values of z satisfying
|z—4-3i|]=5
Taking the initial line as the positive real axis with the pole at the origin and given that

4
0 € [a, a + 7], where oo = —arctan (E) ,
(i1) show that this locus of points can be represented by the polar curve with equation

r=8cosf + 6sind

The set of points A4 is defined by
A:{z;og argzé%}m{z:|z—4—3i|§5}

(b) (i) Show, by shading on your Argand diagram, the set of points A4.

(11) Find the exact area of the region defined by 4, giving your answer in simplest form.

a1) civcle centre (4,3) | radins:5 | passes through O

)

i) |2-y4-3i| =5
Jntiy-4-3i]=5
ltm-4 )t (y-3)7|=5

aw-4) %4 (y-3)% =268

Mz rcos 6
y=: rsin®

(rcosO -4) *4 (rsin@ -3 )2 = 25
Y*cos*©-8rcoSO+416 1 r? sin20@ -6rsind +9q = 25
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Question 6 continued
r*(8in%*0@ +co3*0) - 8rcosO -6rsin® = 25-25

r = grcos® +6rsin®

-:rL

r = 8cos® t6s5ind
n
) Im argz =3
bi)
. Re
|\./ "aygzso

region above real axi's, below the half line farg2 A‘) and within the circle
Y3
.- L
i) Avea =% | r* 6
o

Y .
. Jz-j * (8cos® +65in0)* do

1

s
j 36@in’e+cos’e)e 28080 + 965inGcosO] d®  c0320= 20030 -1

0

J% 36+ 28(608”* ) + 48 8in 20] de

64 cos?O + 363in20 + qs:inecose] i0

o

4
2
> co3?0 = C0329+!
j 36+ 14 cos20 + 14 + 48 sin 20 ] do

0

79
f ! [ 50 + 14 cos 26 t48s5in20 ] d6
0

=-;.-[5%"—‘ 7iz_+|z] 24 |
- [5335474-3 436]
= A1+ B2 g

(Total for Question 6 is 13 marks)
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7. At the start of the year 2000, a survey began of the number of foxes and rabbits on an
island.

At time ¢ years after the survey began, the number of foxes, f, and the number of rabbits, 7,
on the island are modelled by the differential equations

df
—— =02f+0.

dr 0271+ 0.1r
_dr_ 0271+0.4
dt——.f Ar
dzf df

5 0.6+ 0.1/=0

(a) Show that

(b) Find a general solution for the number of foxes on the island at time ¢ years.
(c) Hence find a general solution for the number of rabbits on the island at time ¢ years.

At the start of the year 2000 there were 6 foxes and 20 rabbits on the island.
(d) (1) According to this model, in which year are the rabbits predicted to die out?

(i1)) According to this model, how many foxes will be on the island when the rabbits
die out?

(ii1)) Use your answers to parts (i) and (ii) to comment on the model.

df
* 1'°‘ji+0l‘f0

notice theve is no r in the ahove equation. o we want fo essentially “eliminate”

s O.Q‘f'l' O.}r

wio (,
'0;{ = 2f +r

2ls -

e 0ae TR
and we are told %% = -0.2f+0.4r
4% df
- 10 dt" th -0-2F +0.4v

'°]“i df +02f-04r=0
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Question 7 continued

d3f

10 = —2% t+0.2f -0.4 {|o§{ -:lf)ao
f d
'0%;'; -6.3—{ tf=0
éloL & "

e 0.6 g3 * 0.11=0

b) AUX : A2 -0.6\ 40.1=0

0.6 £J0.62-H(0-1)
2

A=

0.3t 0.0

0.3¢t
sof=¢ (Asin 0.1t + Bcoso.]t)
df 0.3t . 0.3% .
c,a-_-t = 0.3¢ ( Asin 0.1t + Bcoso.lt)‘l‘e (o-lAcoso.H.-BS'nO-H"O-')
- %% (0.3Asmo0.11 +0.1Acos0.1t+ 0.38 cos 0.1t -0.1B §in0.11)

but r= |0£Tft -2f  (from a)

0.3% .
r=2e¢ (3A8in0.[1 + Acoso.1t + 3B cos0.|t- Bsino.It) - 2f

6 r = e°'3t[ (3A-B) 8in0.1t + (A+38) cos 0~lt] - 20 °3* (Asino0.1t 1BcosO.It )
0.3% .
r- e [( A-B) sin0.11 + (A+B) cos O-H.]

di) 1=0 , f=6

6=B
1=0,7=26 - 20 = A+8B
S0 A=1%
at r=0

o=c¢ 0.3t [ (A-B) $in0.11 + (A4B) coso.l-t]
= (I1%-6) sin0.1t + 20 cos0.|%

=cos 0.1t L 8 sin 0.1t
Cos 0.1t

=S
tan 0.1t = "2

a (=5 - .
0.11 =1an'("z) =19

=0

+ 20=0
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Question 7 continued
(t>0) @ A
L0t =T-1.19 L1
t=10(1-1.19) \Y
-~ (9.8
T ©

19.5 years after 2000 — 2019
W) ot £=19.5 , f= e°'3m's)[(m $in (0.1¥19.5) + 6 cos (0.1x19.5] ]

= 3154 .5
= 137150  to 3s.%-

iii) model Suggests that there will be lots of foxes alive when the rabbits die out
which isn't likely to bt accurate.
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Question 7 continued

(Total for Question 7 is 17 marks)

TOTAL FOR PAPER IS 75 MARKS
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